We have studied theoretically and numerically dynamic properties of the vortex magnetic state in soft submicron ferromagnetic dots with variable thickness and diameter. To describe the vortex translation mode eigenfrequencies we applied the equation of motion for the vortex collective coordinates. We calculated the vortex restoring force with explicit account of magnetostatic interaction on the bases of the "rigid" vortex and two-vortices "side charges free" models. The latter model well explains the results of our micromagnetic numerical calculations. The translation mode eigenfrequency is inversely proportional to the vortex static initial susceptibility and lies in GHz range for submicron in-plane dot sizes.
The frequency of this mode was calculated within the exchange model for finite spin lattice in Ref.
3. For proper consideration of the vortex state and vortex dynamic excitations in magnetic dots, however the magnetostatic interaction cannot be ignored because it determines often their physical properties.
In this paper theoretical and numerical investigations of the vortex oscillation mode are presented for magnetically soft (permalloy) disks. We consider sub-micron cylindrical dots with radius R and thickness L. The dot thickness is assumed to be about the exchange length of materials, which allows us to neglect the dependence on coordinate along the dot thickness and consider 2D magnetization distribution. The dot magnetostatic energy is accounted explicitly and determines the vortex translation eigenfrequency for submicron-sized dots.
Theory of vortex oscillations. The theoretical description of the vortex oscillations was done on the ground of the effective equation for vortex coordinates. 4 We consider here only the vortex translation mode. This mode has the lowest frequency in the vortex excitation spectra for small enough dot thickness L. We assume two-dimensional magnetization distribution 
Here b is the vortex core radius. In order to describe the translation mode of the vortex motion we use collective-variable approach and apply the Thiele's equation
where X =(X,Y) is the vortex center position, ( )
is the potential energy of the shifted vortex.
The first term is the gyroforce determined by the vortex non-uniform magnetization distribution (topological charge). 2, 3 The gyroforce is proportional to the gyrovector z GĜ − = , where the gyroconstant is G = 2πqpLM s ⁄γ, γ is the gyromagnetic ratio, M s is the saturation magnetization. The parameter q= ±1, ±2,… is vorticity, it determines the direction of the in-plane magnetization components (|q| is the vortex topological charge). p=±1 is the vortex polarization (direction of the m z component in the vortex center). We choose p=1 and q=1 (q= −1 corresponds to anti-vortex solution), that describes the simplest vortices observed experimentally in remanent state of soft magnetic cylinders. 1, 6, 7 The non-zero gyrovector being an intrinsic property of the vortex 3 is principally important for vortex dynamics description. The gyrovector can be calculated by integration over the vortex core as follows
The second term in Eq. (1) The vortex static energy dependence on the vortex center position was recently calculated 6, 7 on the basis of the "rigid" vortex model, describing the vortex static susceptibility. The similar calculation was carried out on the "two-vortices" model with no magnetic side surface charges 8 ,
where the complex function
, with complex variable
is an appropriate analytical function. In our case ( ) ( )( ) For small displacement of the vortex center from its equilibrium position (X=0) one can
, where stiffness coefficient can be determined following Ref. 6 from the decomposition of the dimensionless vortex energy
where S m ì = is the dot in-plane averaged magnetization with its projection on the field
is the dot volume, and the parameter (~1) describes different models of the vortex magnetization distribution.
The vortex initial susceptibility ( ) 0 depends on the disk geometrical parameters such as radius R and thickness L. For the "rigid" vortex model 6 =1 and ( ) ( ) ( )
corresponds to the averaged in-plane dot demagnetizing factor,
is the Bessel's function, R 0 is the exchange length. For the "twovortices" model =2/3 and the susceptibility is The trajectories of vortex core precession around the remanent equilibrium position for different damping factors α = 0.1 (left) and 0.05 (right). The dot geometry is the same as in Fig. 1 . 
